This paper presents a discussion on the characteristics of sets of admissible functions to be used in the Rayleigh-Ritz method (RRM). Of particular interest are sets that can lead to converged results when penalty terms are added to model constraints and interconnection of elements in vibration and buckling problems of beams, as well as plates and shells of rectangular planform. The discussion includes the use of polynomials, trigonometric functions and a combination of both. In the past, several sets of admissible functions that have a limit on the number of terms that can be included in the solution without producing ill-conditioning were used. On the other hand, a combination of trigonometric and low order polynomials have been found to produce accurate results without ill-conditioning for any number of terms and any number of penalty parameters that can be accommodated by the computer memory.
Introduction

Comparison functions and admissible functions of the Rayleigh-Ritz method
In [1] Meirovitch states that the classical Rayleigh-Ritz method consists of selecting N comparison functions i u to be included in the Rayleigh quotient. These functions must satisfy natural and geometric boundary conditions and be differentiable p 2 times ( p being the order of the highest differential operator in the functional used) to construct the linear combination where i a are unknown coefficients. However, it was noted that a set of admissible functions i φ , which have to satisfy only geometric boundary conditions and be only 
Building sets of admissible functions with simple polynomials
Simple polynomials have a severe limitation on the number of terms that can be included in the solution before an ill-conditioning problem arises. Other sets of admissible functions built by orthogonal polynomials using the Gram-Schmidt process presented by Bhat in [2] have been proven to give excellent results for plates involving free edges, as shown in a publication by Yuan and Dickinson [3] . This procedure has been used to build sets of admissible functions by many researchers, even though Brown and Stone raised some criticism of this work in [4] , where it is stated that the convergence of a vibration problem is independent of the selection of the set of admissible functions (no need for orthogonal polynomials) and that it depends only on the degree of the polynomial represented in the set. In the same work Brown and Stone stated that for plate problems, orthogonality of the functions should be targeted only on the second derivative of the functions, although they also recognized that special polynomials are only needed if higher order polynomials are included in the set of admissible functions. This is to make the set of functions more stable with respect to inversion and the extraction of eigenvalues of the resulting stiffness and mass matrices, although in [5] Li reported that even when orthogonal polynomials are used in the RRM, the higher order polynomials become numerically unstable due to round-off errors.
Building sets of admissible functions with transcendental functions
Transcendental functions also have some disadvantages. For instance, Li and Daniels [6] show that certain sets of admissible functions built by trigonometric functions have limitations converging when penalty parameters are included in the solution. Sets of functions using trigonometric and hyperbolic functions are very complex and are likely to become numerically unstable when several terms are used in the solution. This was noticed by Blevins [6] who recommends using a high degree of precision when higher modes are included, as well as Jaworski and Dowell [7] who used trigonometric and hyperbolic functions to solve vibration problems of beams with multiple steps using a set of functions for clamped-free beams. Jaworski and Dowell reported that numerical problems arise due to the difference between the values of the hyperbolic functions. In [7] the set of admissible functions built by trigonometric and hyperbolic functions was substituted by an approximation in higher modes with a combination of sine, cosine and exponential functions previously used by Dowell [8] . More recently Dozio [9] published a comprehensive study on the use of a set of trigonometric functions, originally proposed by Beslin and Nicolas [10] , used to solve vibration problems of rectangular orthotropic plates. The method by Dozio offers the same advantages as the proposed set of functions of the present work, but the matrices of the system are built with more complex terms, and even though many terms of the matrices using the set of admissible functions by Beslin and and Nicolas [10] become zero, the matrices of the present method are even less sparse.
Building sets of admissible functions from polynomial and trigonometric functions
In contrast with all the previous options to build sets of admissible functions, several publications including the works by Li [5, 11] and Zhou [12] have shown that when polynomials and trigonometric functions are used to build sets of admissible functions, the solutions have a fast convergence rate and results are also accurate for higher modes. Although it is now known that only the sum of the series of the functions should satisfy the boundary conditions, many researchers have proposed to build sets of functions starting with a series containing trigonometric and polynomial functions, but enforcing boundary conditions for each term. This approach was used in [5, 11, 12] . Li [5, 11] built a series of admissible functions by mixing polynomials and trigonometric (cosine) functions. Li stated that the polynomials are introduced to take all the relevant discontinuities with the original displacement and its derivatives at the boundaries. More recently Dal and Morgul [13] presented a similar approach to those presented by Li [5, 11] and Zhou [12] . Dal and Morgul used sine functions as in the work by Zhou [12] and also enforced boundary conditions for each term. Polynomials in the publications by Li [5, 11] were of order 4, while in the approaches of Zhou [12] and Dal and Morgul [13] the maximum order of a polynomial was 3.
It is important to remember that high order polynomials are the cause of numerical instabilities and ill-conditioning. Thus to keep the solution as simple as possible and free of numerical problems the minimum number of polynomial functions with the lowest order possible are included in the proposed set of admissible functions presented in this work.
Building a set of admissible functions
As mentioned earlier, this work presents a set of functions that can be used to model beams, plates and shells; converges fast and allows the use of a large number of functions without causing ill-conditioning. In addition, the selected set of admissible functions models a structure in a completely free condition and complex boundary conditions can be modelled adding as many constraints as necessary using penalty functions.
In the past some researchers gave guidelines to develop sets of admissible functions such as the ones given in [14] as follows: a) the set of functions must be complete in energy form (all modes of vibration must be represented and no modes must be missing), b) the set of functions must be linearly independent, c) the functions must satisfy boundary conditions and d) the functions must have derivatives at least up to half of the order of the partial differential equation. Here a more intuitive method was used to build a set of admissible functions keeping in mind that in vibration problems the stiffness matrix includes derivatives up to the second order with respect to the same variable. The first step in the procedure to build a set of admissible functions combining trigonometric and simple polynomials is to select the trigonometric function. Sine functions are used as a set of functions to exactly model simple supported structures as they constrain the displacement at both ends of the structure, while rotation is allowed. On the other hand, cosine functions constrain rotation and allow translation, modelling sliding structures also in an exact way. Sliding condition is very useful when symmetry is used to model symmetrical modes using half of the structure. In [15] Budiansky and Hu implemented Lagrangian multipliers in the RRM to constrain edges of a plate. Budiansky and Hu showed that the rate of convergence of the RRM together with the Lagrangian Multiplier Method is faster when a cosine series is used to build the set of admissible functions together with translational constraints to model clamped conditions than the combination of a set of admissible functions built by sine series and rotational constraints. Similarly, in [16] Li presented a comparison of the convergence of the RRM with admissible functions built by either a sine or a cosine series plus a polynomial. In [16] convergence rates for most boundary conditions were also found to be faster using cosine series than sine series. As expected, in this work by Li, sine series have their fastest rate of convergence for simply supported conditions, while cosine series have their fastest rate of convergence for sliding conditions. In these cases they represent exact modes if the beams are uniform and have no discontinuities. For this reason, cosine series were selected in this work to build the set of admissible functions of a free-free beam. The cosine series used in this work is defined as
where x is the axial coordinate of the beam, L is the beam length and n is the number of terms included in the set of admissible functions. Now, it is only necessary to define the simple polynomials in terms of the coordinate system that should be used in the set of admissible functions together with the cosine series. This can be started knowing that the series must include the rigid-body modes of the beam and as mentioned earlier that the set of admissible functions should satisfy the boundary conditions as a whole series and not individually. Thus to keep the solution as simple as possible and free of numerical problems the minimum number of polynomial functions with the lowest order possible (to minimise the chances of ill-conditioning) are included in the set of admissible functions presented in this work. Then, the two rigid-body modes of a beam should be represented by a unit function and a linear function as in the work by Bassily and Dickinson [17] , Warburton [18] and Zhou [12] . The unit term releases the translational rigid-body mode and the linear term releases a rotational rigid-body mode. It is important to note that the unit function is already included in the cosine series for 0 = i , although for simplicity the unit function will be used in the notation. Next, by inspection it is observed that to satisfy all possible combinations of boundary conditions it is only necessary to add one more function that allows a second non-zero slope at one of the ends of the beam. Thus, a square term is added to the set of functions, because it is the lowest order polynomial that can be added to the series.
This completes the set of admissible functions ( )
used in this work that it is defined as
The set of admissible functions given in Equation (2) are used in the RRM to model the transverse deflection of the beam as
where
is the amplitude of the deflection of the neutral axis of the beam defined as
where i c are arbitrary coefficients. A very important property of the Fourier series is that they are nominally orthogonal functions with respect to each other when integrated to the full span [0 to L ]. This property can be defined for cosine functions with the following relationship [19] :
A similar relationship applies for sine series. A property of orthogonal functions is that their first and second derivatives are also orthogonal [19] . This property is very useful to obtain the terms of the elastic stiffness, geometrical stiffness and mass matrices of beams, plates and shells. Sets of orthogonal functions used in the RRM produce diagonal mass and stiffness. However, as stated in [20] by Mukhopadhyay a good set of admissible functions may be chosen, so that off-diagonal terms will be relatively small. In the present work, the mass matrix of a beam has off-diagonal terms only in the first three rows and columns, corresponding to the terms that involve the linear and square functions. This is because the linear and square functions are not orthogonal with respect to any other function of the set. The absolute value of the off-diagonal terms of the mass matrix decreases as the number of terms in the set of admissible function increases, starting with the values of the fourth admissible function. However the non-zero second derivative of the series is orthogonal as suggested by Brown and Stone [4] . Thus, the stiffness matrix of a beam derived with the present set of admissible functions results in a diagonal matrix, although the values of the first two terms in the main diagonal are zero.
In the cases of a completely free plate or a completely free shallow-shell modelled by the set of admissible functions given in Equation (2), the stiffness and mass matrices are sparse. Furthermore, even though neither orthogonalization nor orthonormalization is carried out to define the set of admissible functions presented here, the set of admissible functions does not produce ill-conditioning due to the number of terms used in the series as shown by Monterrubio in [21, 22, 23] . This was demonstrated for several vibration and buckling problems involving beams, plates and shells and certain connected structures. The aim of the present work in contrast to the previous work by Monterrubio is to show how the traditional procedure to build sets of admissible functions was used to model free structures combining trigonometric functions and simple polynomials. The procedure presented here is extremely simple and the functions were still carefully selected to obtain the simplest set of functions that converges fast and does not have a limitation in the number of functions due to numerical instabilities. The set of functions given in Equation (2) as was done by Li in [5, 11] use a cosine series and a polynomial. The main difference between the present approach and those in [5, 11] is that even though the structures could be defined to be completely free in the work by Li, admissible functions were still obtained solving for boundary conditions of a structure with elastic boundary supports. Next, a comparison between the present set of admissible functions with the Legendre polynomials is carried out to show that these two sets of admissible functions model a free-free beam. The Legendre polynomials are obtained starting from a simple polynomial with the lowest degree that satisfies the boundary conditions of the problem and obtaining the rest of the polynomials using the GramSchmidt orthogonalization process [14] . The Legendre polynomials have been used to solve vibration problems of completely free plates [14] . The Legendre polynomials are defined by the following Rodrigue's formula [24] :
Then the first six polynomials are
( ) ( )
( ) ( ) 
Comparing Figures 1 and 2 , it is obvious that the first two functions of both the Legendre polynomials and the set of admissible functions developed in this work are identical. Furthermore the third function in both sets is a square function (the function in the Legendre polynomials is a linear combination of a square term and a constant, both of which appear in the proposed set); while the following functions of both series add a nodal point to the previous function. This makes clear that not all functions satisfy the free boundary conditions at both ends, but as stated by Budiansky and Hu 1946 in [15] , the boundary conditions do not have to be satisfied individually by the functions in the set of admissible functions, but by the expansion of the whole set of admissible functions. To further clarify the role of the functions on the boundary conditions at the ends of the beam, the following inequalities show that the selected set of functions permit non-zero displacement and translation at both ends
All functions included in the set defined in Equations (2a,2d) satisfy this condition,
This condition is only satisfied by the linear term defined in Equation (2b) and
This condition is satisfied by the linear and square terms defined in Equations (2b,2c). The argument above shows that the proposed set of admissible functions is a complete set, which models the deflection of a free-free beam. In Kohn [25] it is stated that the Rayleigh-Ritz method generally gives better approximations of the eigenvalues than of the eigenfunctions and that the magnitude of the errors of the eigenvalues and eigenvectors depends on the smoothness of the set of admissible functions. The set of admissible functions presented here is built by a cosine series and two simple polynomials (a linear term and a square term). Cosine functions are the exact modes of a guide-guide beam and with the addition of a unit function results in modes very similar to the clamped-clamped and free-free modes of a beam (except for the first two modes). Figure 3 shows that the results of the first four non-zero modes of vibration of a G-G beam (line) match the exact results (markers -no line) using the first 7 functions of the set presented in Equation (2) in the RRM as to be expected. Similarly, good approximations to the first four modes of a S-S beam can be obtained using 14 terms in the set of admissible functions. The S-S is the case that has the slowest convergence with respect to the number of functions. In a publication by Williams [26] two important characteristics of the classical RRM (without penalty parameters) are mentioned. The first characteristic is that when the RRM is used to solve vibration problems, the natural frequencies converge monotonically from above as the number of terms in the set of admissible functions is increased and the second characteristic is that the lower modes converge first.
Additional comments on the Rayleigh-Ritz method
Examples
To show the versatility and stability of the set of admissible functions presented in Equation ( 2) the first six natural frequencies of thin plates with free (F), simply supported (S), guided (G) and clamped edges (C) are presented using 40 terms in each direction. Consider a rectangular plate as shown in Figure 4 , with dimensions a and b along directions x and y , thickness h and flexural rigidity D defined as ( )
where ν is Poisson's ratio and E is Young's modulus. 
where ij c are arbitrary coefficients. The maximum potential and kinetic energy terms [14] for thin rectangular plates are as follows. The maximum potential energy of the plate plate V due to the strain energy of bending and twisting of the plate is The maximum kinetic energy max T of the plate is
The maximum kinetic energy function max Ψ is given by
The selected set of admissible functions are used to model the deflection of completely free structures. For this reason, all constraint conditions are incorporated through the use of the penalty method. Then, the strain energy of translational and rotational springs along all four edges of the plate ( 
The non-dimensional eigen-problem obtained after the Rayleigh-Ritz minimization is
where edge P is the penalty matrix and λ is the non-dimensional frequency parameter
The terms of the non-dimensional mass M and stiffness matrices of a plate K are 
The terms of the non-dimensional penalty matrices due to the artificial stiffness are (20) An alternative procedure to obtain the frequency parameters is to first solve the eigenproblem of the unconstrained structure
to obtain the frequency parameters i λ and the matrix X whose columns contain the eigenvectors of Equation (21) . Then use matrix X and its transpose to perform a transformation on the stiffness and penalty matrices. Then the frequency parameters of the constrained structure can be obtained solving for the eigenvalues of a matrix resulting from the addition of the transformed stiffness and penalty matrices (22) This procedure saves space in the memory of the computer.
Results
Results of the frequency parameters of the 55 cases of rectangular plates with simply supported, clamped, guided and free conditions were obtained by assigning appropriate penalty parameters k . Forty terms of admissible functions were used in each direction. Results in Table 1 The guided results can be compared with those presented in the work by Bert and Malik [28] . In most cases there was no difference between the results presented here and the results in [28] and the maximum difference between the two sets of results were always found in the third decimal place. Cases with two opposite edges either simply supported or guided have an analytical solution, while the solution of the remaining cases can be solved using approximate or numerical methods [28] . Furthermore Bert and Malik classified the 55 cases presented in Table 1 according to the boundary conditions and type of solutions:
• Cases 1 to 6 with two opposite edges simply supported have an analytical solution.
• Cases 7 to 21 are possible by approximate or numerical methods only.
• Cases 22 to 25 with two opposite edges simply supported have an analytical solution • Cases 26 to 33 with one edge simply supported and opposite edge guided have an analytical solution.
• Cases 34 to 42 with two opposite edges guided have an analytical solution.
• Cases 43 to 55 are possible by approximate or numerical methods only.
Conclusions
In this paper a discussion on set of admissible functions to be used in the RRM is presented and it has been shown how a set built by cosine functions and a linear and square terms can be used to model beams, plates and shells in free condition and then constraints can be added using the penalty method. Because the set of functions presented here do not impose a limit in the number of terms of functions that can be used, a large number of constraints can be used to model complex constraints. The availability of large number of terms, limited only by computer memory, also helps to improve the accuracy of the natural frequencies and modes of vibration. Results show that in most cases frequency parameters of rectangular plates with any type of boundary conditions converged to the exact results to at least the fourth significant number. The method used to build the set of functions presented in Equation (2) is intuitive and avoids normalization or orthogonalization of the functions. Furthermore, the integrals that define the mass, stiffness, geometric stiffness and penalty matrices using this method can be easily solved in close form by hand and the set of admissible functions presented in this work seems to be the simplest set that does not causes ill-conditioning when a large number of functions are included in the solution.
